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Abstract
On the one hand the Fermi-Dirac and Bose-Einstein functions have been extended in such a way that
they are closely related to the Riemann and other zeta functions. On the other hand the Fourier transform
representation of the gamma and generalized gamma functions proved useful in deriving various integral
formulae for these functions. In this paper we use the Fourier transform representation of the extended
functions to evaluate integrals of products of these functions. In particular we evaluate some integrals
containing the Riemann and Hurwitz zeta functions, which had not been evaluated before.
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1 Introduction
The familiar Fermi-Dirac (FD) and Bose-Einstein (BE) functions were extended in [16] by introducing an
extra parameter in such a way as to provide new insights into these functions and their relationship to the
family of zeta functions. More precisely, the new functions provide generalizations of the polylogarithm,
Riemann and Hurwitz zeta functions, in that the classical functions can be obtained from the new ones
by choosing particular parameter values. The famous Riemann zeta, Hurwitz zeta, Hurwitz-Lerch zeta,
FD and BE functions have various representations in the literature, such as integral, series and asymptotic
representations, which help to study the properties of these functions. In this paper we use their Fourier
transform representation to evaluate some integrals of products of these functions, which are not included in
[6], [10], [12], [13], [14] and [23]. Here, in our present investigation we will use integral representations of all
these functions to get Fourier transform representations. Before going on to obtain these representations for
the extended functions, we review their definition and relationship with the zeta and other related functions
by using their integral representations for the purposes of our investigation.
The FD function Fs−1(x) defined here by ([9], p. 38):
Fs−1(x) :=
1
Γ(s)
∫ ∞
0
ts−1
et−x + 1
dt (ℜ(s) > 0) (1.1)
and the BE function Bs−1(x) defined here by ([9], p. 449):
Bs−1(x) : =
1
Γ(s)
∫ ∞
0
ts−1
et−x − 1dt (ℜ(s) > 1) (1.2)
were extended in [16]. The eFD is defined by ([16], p. 9, Equation(3.14))
Θν(s;x) =
e−(ν+1)x
Γ(s)
∫ ∞
0
ts−1e−νt
et + e−x
dt
(ℜ(ν) > −1;ℜ(s) > 0;x ≥ 0) (1.3)
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and the eBE function is defined by ([16], p. 11, Equation(1.4))
Ψν(s;x) =
e−(ν+1)x
Γ(s)
∫ ∞
0
ts−1e−νt
et − e−x dt
(ℜ(ν) > −1;ℜ(s) > 1 when x = 0;ℜ(s) > 0 when x > 0). (1.4)
The functions Ψν(s;x) and Θν(s;x) are related by ([16], p. 13, Equation(5.7))
Θν(s;x) = (−1)(ν+1)Ψν(s;x+ ipi), (ℜ(s) > 1;x ≥ 0;ℜ(ν) > −1). (1.5)
For ν = 0, these extended functions give the following relations naturally
Fs−1(−x) = Θ0(s;x), (1.6)
Bs−1(−x) = Ψ0(s;x). (1.7)
These functions not only generalize the FD and BE functions but also are related to functions of the zeta
family.
The Riemann zeta function, ζ(s) (s = σ + iτ) defined by the integral representations ([8], p. 294,
Equation (7.48))
ζ(s) :=
1
Γ(s)
∫ ∞
0
ts−1
et − 1dt (s = σ + iτ, σ > 1) (1.8)
and ([8], p. 296, Equation (7.67))
ζ(s) :=
1
C(s)
∫ ∞
0
ts−1
et + 1
dt (s = σ + iτ, σ > 0)
where C(s) = Γ(s)(1 − 21−s), (1.9)
has a meromorphic continuation to the whole complex s-plane (except for a simple pole at s = 1). These are
related to the extended functions by
ζ(s) = Ψ0(s; 0) (σ > 1) (1.10)
and
ζ(s) = (1− 21−s)Θ0(s; 0) (σ > 0). (1.11)
There have been several generalizations of the Riemann zeta function, like the Hurwitz zeta function
ζ(s, ν) :=
1
Γ(s)
∫ ∞
0
e−(ν−1)tts−1
et − 1 dt (ℜ(ν) > 0;σ > 1) , (1.12)
which is also a special case of one of the extended functions
ζ(s, ν + 1) = Ψν(s; 0). (1.13)
Another generalization of the Riemann zeta function is the polylogarithm function, or Jonquire’s function
φ(z, s), defined by [7]
φ(z, s) :=
∞∑
n=1
zn
ns
(s ∈ C when |z| < 1;ℜ(s) > 1when |z| = 1). (1.14)
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It has the integral representation
φ(z, s) =
z
Γ(s)
∫ ∞
0
ts−1
et − z dt
(|z| ≤ 1− δ, δ ∈ (0, 1) and ℜ(s) > 0; z = 1 and ℜ(s) > 1). (1.15)
Note that if z lies anywhere except on the segment of the real axis from 1 to ∞, where a cut is imposed, the
integral (1.15) defines an analytic function of z for ℜ(s) > 1. If z = 1, then (1.15) obviously coincides with
the zeta function in the half plane for ℜ(s) > 1 and is related to eBE function by
Ψ0(x; s) = φ(e
−x, s). (1.16)
The Hurwitz-zeta and the polylogarithm functions are further generalized to the Hurwitz-Lerch zeta function
by ([13], p. 27)
Φ(z, s, a) :=
∞∑
n=0
zn
(n+ a)s
(a 6= 0,−1,−2,−3, . . . ; s ∈ C when |z| < 1;ℜ(s) > 1when |z| = 1). (1.17)
This function has the integral representation ([13], p. 27, Equation 1.10(3)):
Φ(z, s, a) =
1
Γ(s)
∫ ∞
0
ts−1e−(a−1)t
et − z dt
(ℜ(a) > 0; and either |z| ≤ 1; z 6= 1;ℜ(s) > 0 or z = 1;ℜ(s) > 1). (1.18)
If a cut is made from 1 to ∞ along the positive real z-axis, Φ is an analytic function of z in the cut z-plane
provided that ℜ(s) > 0 and ℜ(a) > 0. In particular, the Hurwitz-Lerch zeta function is related to the eFD
and eBE functions by
Θv(s;x) := e
−(v+1)xΦ(−e−x, s, v + 1) (1.19)
and
Ψv(s;x) := e
−(v+1)xΦ(e−x, s, v + 1). (1.20)
From this discussion it is obvious that these new extensions give a unified approach to the zeta family
and other related functions. They have also been proposed as candidates for the anyon integral function
[5]. (“Anyons” are particles which are neither Fermions nor Bosons, having a fractional spin.) For further
properties of the Riemann zeta and related functions we refer to [1], [2], [3], [11], [15] ,[17], [18], [19] and [20].
The plan of the paper is as follows. We prove two new identities involving the eFD and eBE functions in
section 2. These identities proved useful in obtaining functional relations involving the integrals of products
of gamma functions with these extended functions and other zeta-related functions in section 4. Fourier
transform representation of the eFD and eBE functions is given in section 3. By making use of the Parseval’s
identity in section 4 and the duality property of the Fourier transform in section 5, we obtain integral formulae
for the product of the Riemann zeta, Hurwitz zeta, Hurwitz-Lerch zeta, FD and BE functions with gamma
function. Some concluding remarks are given in section 6.
2 New identities involving the eFD and eBE functions
The following identity is the generalization of ([4], (2.5)) and will prove useful to evaluate the integrals of
products of functions by using the Parseval’s identity of Fourier transform.
Theorem 1. The eFD function Θν(η;x) satisfies the following expression
e(ν+2)xΓ(η)[(ν + 1)Θν(η;x) −Θν(η − 1;x)] =
∫ ∞
0
e−νttη−1
(et + e−x)2
dt
(ℜ(ν) > −1;x ≥ 0; η > 1). (2.1)
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Proof. Differentiating
f(t, x, ν) :=
e−νt
et+x + 1
(t > 0;x ≥ 0;ℜ(ν) > −1), (2.2)
we obtain the differential equation
f ′(t, x, ν) + (ν + 1)f(t, x, ν) =
e−νt
(et+x + 1)2
. (2.3)
Taking the Mellin transform (see, for details, [24], Chapter 10) of both sides in the real variable η in (2.2)
to (2.3) and using (1.3), we get
M[f(t, x, ν); η] = Θν(η;x)Γ(η)eνx, (2.4)
and
M[f ′(t, x, ν); η] = −(ν + 1)M[f(t, x, ν); η] +M[ e
−νt
(et+x + 1)2
; η]. (2.5)
However,M[f(t, x, ν); η] andM[f ′(t, x, ν); η] are related via
M[f ′(t, x, ν); η] = −(η − 1)M[f(t, x, ν); η − 1], (2.6)
provided tη−1f(t, x, ν) vanishes at zero and infinity. Hence, from (2.4) to (2.6), we find
eνxΓ(η)[(ν + 1)Θν(η;x)−Θν(η − 1;x)] =
∫ ∞
0
e−νttη−1
(et+x + 1)2
, (2.7)
which after simplification gives the result (2.1).
Corollary1. The following identity involving the FD function holds
e−2xΓ(η)[Fη−1(x)− Fη−2(x)] =
∫ ∞
0
tη−1
(et + ex)2
dt (η > 1;x ≥ 0). (2.8)
Proof. Upon putting ν = 0 and replacing x 7→ −x in (2.1), If we make use of (1.6), we arrive at (2.8).
Corollary2. The Riemann zeta function (1.9) satisfies ([4], (1.2))
Γ(η)[(1 − 21−η)ζ(η) − (1 − 2−η)ζ(η − 1)] =
∫ ∞
0
tη−1
(et + 1)2
dt (η > 1). (2.9)
Proof. Upon putting x = ν = 0 in (2.1), If we make use of (1.11), we arrive at (2.9).
Theorem 2. The eBE function satisfies
e(ν+2)xΓ(η)[Ψν(x; η − 1)− (ν + 1)Ψν(x; η)] =
∫ ∞
0
e−νttη−1
(et − e−x)2 dt
(ℜ(ν) > −1; η > 1 when x > 0; η > 2 when x = 0). (2.10)
Proof. This follows on similar steps as in theorem (1) by taking
f1(t, x, ν) =
e−νt
et+x − 1 (t > 0;x ≥ 0;ℜ(ν) > −1) (2.11)
in place of f(t, x, ν) and using (1.4).
Corollary3. The following identity involving the Hurwitz-Lerch zeta function holds
Γ(η)
z
[Φ(z, η − 1, ν)− νΦ(z, η, ν)] =
∫ ∞
0
e−(ν−1)ttη−1
(et − z)2 dt
(ℜ(ν) > 0; η > 1 when 0 < z < 1; η > 2 when z = 1). (2.12)
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Proof. This follows by replacing ν 7→ ν − 1 and using (1.20) in (2.10) .
Corollary4. The polylogarithm satisfies the following identity
Γ(η)
z2
[φ(z, η − 1)− φ(z, η)] =
∫ ∞
0
tη−1
(et − z)2 dt
(η > 1 when 0 < z < 1; η > 2 when z = 1). (2.13)
Proof. Upon putting ν = 0, z = e−x in (2.10) and using (1.16), we get (2.13).
Corollary5. The following identity involving the BE function holds
Γ(η)e−2x[Bη−2(x)−Bη−1(x)] =
∫ ∞
0
tη−1
(et − ex)2 dt (η > 1, x ≥ 0). (2.14)
Proof. Upon putting ν = 0 and x 7→ −x in (2.10), If we make use of (1.7), we arrive at (2.14).
Corollary6. The Hurwitz zeta function satisfies ([12], p. 332)
Γ(η)[ζ(η − 1, ν)− νζ(η, ν)] =
∫ ∞
0
e−(ν−1)ttη−1
(et − 1)2 dt (ℜ(ν) > 0; η > 2). (2.15)
Proof. Upon putting x = 0 and ν 7→ ν − 1 in (2.10), If we make use of (1.13), we arrive at (2.15).
Corollary7. The Riemann zeta function (1.8) satisfies ([12], p. 332)
Γ(η)[ζ(η − 1)− ζ(η)] =
∫ ∞
0
tη−1
(et − 1)2 dt (η > 2). (2.16)
Proof. Upon putting x = ν = 0 in (2.10), If we make use of (1.10), we arrive at (2.16).
3 Fourier transform representation
In this section the Fourier transform representation of the eFD, FD, eBE, BE , Hurwitz-Lerch zeta, poly-
logarithm, Hurwitz and Riemann zeta functions is given.
The eBE function has the Mellin transform representation (1.4) and substitution t = ey in this represen-
tation yields
Γ(σ + iτ)Ψν(σ + iτ ;x) = e
−(ν+1)x√2piF [e
σy exp(−νey)
exp(ey)− e−x ; τ ]
(ℜ(ν) > −1;σ > 1 when x = 0;σ > 0 when x > 0). (3.1)
This is the Fourier transform representation of eBE function, where we define F [ϕ; τ ] := 1√
2pi
∫ +∞
−∞ e
iyτϕ(y)dy.
Similarly for the Hurwitz-Lerch zeta and the polylogarithm functions, we have the following representations
respectively.
Γ(σ + iτ)Φ(z, σ + iτ, ν) =
√
2piF [e
σy exp(−(ν − 1)ey)
exp(ey)− z ; τ ]
(ℜ(ν) > 0; and either |z| ≤ 1; z 6= 1;σ > 0 or z = 1;σ > 1) (3.2)
Γ(σ + iτ)φ(z, σ + iτ) =
√
2pizF [ e
σy
exp(ey)− z ; τ ]
(|z| ≤ 1− δ, δ ∈ (0, 1) and σ > 0; z = 1 and σ > 1). (3.3)
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The BE function (1.2) can be written as
Γ(σ + iτ)Bσ+iτ−1(x) =
√
2piexF [ e
σy
exp(ey)− ex ; τ ]
(x ≥ 0;σ > 1). (3.4)
The Hurwitz and the Riemann zeta functions have the Fourier transform representations
Γ(σ + iτ)ζ(σ + iτ, ν) =
√
2piF [e
σy exp(−(ν − 1)ey)
exp(ey)− 1 ; τ ]
(ℜ(ν) > 0;σ > 1). (3.5)
Γ(σ + iτ)ζ(σ + iτ) =
√
2piF [ e
σy
exp(ey)− 1; τ ] (σ > 1). (3.6)
The Fourier transform representation of the eFD function is
Γ(σ + iτ)Θν(σ + iτ ;x) = e
−(ν+1)x√2piF [e
σy exp(−νey)
exp(ey) + e−x
; τ ]
(ℜ(ν) > −1;x ≥ 0;σ > 0). (3.7)
Similarly for the FD and the Riemann zeta functions, we have
Γ(σ + iτ)Fσ+iτ−1(x) =
√
2piexF [ e
σy
exp(ey) + ex
; τ ]
(x ≥ 0;σ > 1). (3.8)
C(σ + iτ)ζ(σ + iτ) =
√
2piF [ e
σy
exp(ey) + 1
; τ ] (σ > 0). (3.9)
4 Some applications of Fourier transform representation by using
Parseval’s identity
Let f, g be two arbitrary Fourier transformable functions then the Parseval’s identity ([24], p.232) of Fourier
transform states that
∫ +∞
−∞
F [f(y); τ ]F [g(y); τ ]dτ =
∫ +∞
−∞
f(y)g(y)dy. (4.1)
Using (3.1) and (4.1), we get the following identity
∫ +∞
−∞
Γ(σ + iτ)Γ(ρ − iτ)Ψν(σ + iτ ;x)Ψν(ρ− iτ ;x)dτ = 2pi
∫ ∞
0
e−2(ν+1)xe−2νttσ+ρ−1
(et − e−x)2 dt
(ℜ(ν) > −1;σ + ρ > 1 when x = 0;σ + ρ > 0 when x > 0). (4.2)
The integral on the right hand side of (4.2) can be evaluated by replacing η 7→ σ + ρ and ν 7→ 2ν in (2.10).
This gives the following result for the eBE function
∫ +∞
−∞
Γ(σ + iτ)Γ(ρ− iτ)Ψν(σ + iτ ;x)Ψν(ρ− iτ ;x)dτ
= 2piΓ(σ + ρ)[Ψ2ν(σ + ρ− 1;x)− (2ν + 1)Ψ2ν(σ + ρ;x)]
(ℜ(ν) > −1;σ + ρ > 1 when x > 0;σ + ρ > 2 when x = 0) (4.3)
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and as a special case, taking ρ = σ, we get
∫ +∞
−∞
|Γ(σ + iτ)Ψν(σ + iτ ;x)|2dτ = 2piΓ(2σ)[Ψ2ν(2σ − 1;x)− (2ν + 1)Ψ2ν(2σ;x)]
(ℜ(ν) > −1;σ > 1/2 when x > 0;σ > 1 when x = 0). (4.4)
Using (1.20) and (2.12) in (4.2), we obtain following identity for the Hurwitz-Lerch zeta function
∫ +∞
−∞
Γ(σ + iτ)Γ(ρ − iτ)Φ(z, σ + iτ, ν)Φ(z, ρ− iτ, ν)dτ
=
2piΓ(σ + ρ)
z
[Φ(z, σ + ρ− 1, 2ν − 1)− (2ν − 1)Φ(z, σ + ρ, 2ν − 1)]
(ℜ(ν) > 0;σ + ρ > 1 when 0 < z < 1;σ + ρ > 2 when z = 1) (4.5)
and as a special case, taking ρ = σ, we obtain
∫ +∞
−∞
|Γ(σ + iτ)Φ(z, σ + iτ, ν)|2dτ = 2piΓ(2σ)
z
[Φ(z, 2σ − 1, 2ν − 1)− (2ν − 1)Φ(z, 2σ, 2ν − 1)]
(ℜ(ν) > 1/2;σ > 1/2 when 0 < z < 1;σ > 1 when z = 1). (4.6)
Similarly by using (1.16) and (2.13) in (4.2), we arrive at the following result for the polylogarithm function
∫ +∞
−∞
Γ(σ + iτ)Γ(ρ− iτ)φ(z, σ + iτ)φ(z, ρ− iτ)dτ = 2piΓ(σ + ρ)[φ(z, σ + ρ− 1)− φ(z, σ + ρ)]
(σ + ρ > 1 when 0 < z < 1;σ + ρ > 2 when z = 1) (4.7)
and as a special case, taking ρ = σ, we get
∫ +∞
−∞
|Γ(σ + iτ)φ(z, σ + iτ)|2dτ = 2piΓ(2σ)[φ(z, 2σ − 1)− φ(z, 2σ)]
(σ > 1/2 when 0 < z < 1;σ > 1 when z = 1). (4.8)
Upon using (1.7) and (2.14) in (4.2), we get the following results for the BE function
∫ +∞
−∞
Γ(σ + iτ)Γ(ρ− iτ)Bσ+iτ−1(x)Bρ−iτ−1(x)dτ
= 2piΓ(σ + ρ)[Bσ+ρ−2(x) −Bσ+ρ−1(x)] (x ≥ 0;σ + ρ > 2) (4.9)
and as a special case, taking ρ = σ, we get
∫ +∞
−∞
|Γ(σ + iτ)Bσ+iτ−1(x)|2dτ = 2piΓ(2σ)[B2σ−2(x)−B2σ−1(x)] (x ≥ 0;σ > 1). (4.10)
Using (1.13) and (2.15) in (4.2), we arrive at the following identity for the Hurwitz zeta function
∫ +∞
−∞
Γ(σ + iτ)Γ(ρ− iτ)ζ(σ + iτ, ν)ζ(ρ − iτ, ν)dτ
= 2piΓ(σ + ρ)[ζ(σ + ρ− 1, 2ν − 1)− (2ν − 1)ζ(σ + ρ, 2ν − 1)]
(ℜ(ν) > 1/2;σ + ρ > 2) (4.11)
and as a special case, taking ρ = σ, we get
∫ +∞
−∞
|Γ(σ + iτ)ζ(σ + iτ, ν)|2dτ = 2piΓ(2σ)[ζ(2σ − 1, 2ν − 1)− (2ν − 1)ζ(2σ, 2ν − 1)]
(ℜ(ν) > 1/2;σ > 1). (4.12)
7
Similarly by using (1.10) and (2.16) in (4.2), we arrive at the following identity for the Riemann zeta function
∫ +∞
−∞
Γ(σ + iτ)Γ(ρ− iτ)ζ(σ + iτ)ζ(ρ− iτ)dτ = 2piΓ(σ + ρ)[ζ(σ + ρ− 1)− ζ(σ + ρ)]
(σ + ρ > 2) (4.13)
and as a special case, taking ρ = σ, we get
∫ +∞
−∞
|Γ(σ + iτ)ζ(σ + iτ)|2dτ = 2piΓ(2σ)[ζ(2σ − 1)− ζ(2σ)] (σ > 1). (4.14)
Now the Parseval’s Identity for the Fourier transform representation (3.7) of the eFD function produces
the following identity
∫ +∞
−∞
Γ(σ + iτ)Γ(ρ− iτ)Θν(σ + iτ ;x)Θν(ρ− iτ ;x)dτ = 2pi
∫ ∞
0
e−2(ν+1)xe−2νttσ+ρ−1
(et + e−x)2
dt
(ℜ(ν) > 0;x ≥ 0;σ, ρ > 0). (4.15)
The integral on the right hand side of (4.15) can be evaluated by η 7→ σ+ ρ and ν 7→ 2ν in (2.1). This gives
following result for the eFD function
∫ +∞
−∞
Γ(σ + iτ)Γ(ρ− iτ)Θν(σ + iτ ;x)Θν(ρ− iτ ;x)dτ
= 2piΓ(σ + ρ)[(2ν + 1)Θ2ν(σ + ρ;x)−Θ2ν(σ + ρ− 1;x)]
(ℜ(ν > 0;x ≥ 0;σ + ρ > 1) (4.16)
and as a special case, taking ρ = σ, we get
∫ +∞
−∞
|Γ(σ + iτ)Θν(σ + iτ ;x)|2dτ = 2piΓ(2σ)[(2ν + 1)Θ2ν(2σ;x)−Θ2ν(2σ − 1;x)]
(ℜ(ν) > 0;x ≥ 0;σ > 1/2). (4.17)
Similarly by using (1.6) and (2.8) in (4.16) we get the following result for the FD function
∫ +∞
−∞
Γ(σ + iτ)Γ(ρ− iτ)Fσ+iτ−1(x)Fρ−iτ−1(x)dτ
= 2piΓ(σ + ρ)[Fσ+ρ−1(x) − Fσ+ρ−2(x)] (x ≥ 0;σ + ρ > 1) (4.18)
and as a special case, taking ρ = σ in (4.18), we get
∫ +∞
−∞
|Γ(σ + iτ)Fσ+iτ−1(x)|2dτ = 2piΓ(2σ)[F2σ−1(x) − F2σ−2(x)] (x ≥ 0;σ > 1/2). (4.19)
Upon using (1.11) and (2.9) in (4.16), we arrive at the following identity for the Riemann zeta function
∫ +∞
−∞
C(σ + iτ)C(ρ− iτ)ζ(σ + iτ)ζ(ρ − iτ)dτ
= 2piΓ(σ + ρ)[(1− 21−σ−ρ)ζ(σ + ρ)− (1 − 2−σ−ρ)ζ(σ + ρ− 1)] (σ + ρ > 1). (4.20)
and as a special case, taking ρ = σ, we get
∫ +∞
−∞
|C(σ + iτ)ζ(σ + iτ)|2dτ = 2piΓ(2σ)[(1− 21−2σ)ζ(2σ) − (1− 2−2σ)ζ(2σ − 1)]
(σ > 1/2). (4.21)
8
By making use of the Parseval’s identity for (3.2) and (3.4) we get
∫ +∞
−∞
Γ(σ + iτ)Γ(ρ− iτ)Φ(e−x, σ + iτ, ν)Bρ−iτ−1(−x)dτ
= 2piΓ(σ + ρ)[Φ(e−x, σ + ρ− 1, ν)− νΦ(e−x, σ + ρ, ν)]
(ℜ(ν) > 0;σ + ρ > 1 when x > 0;σ + ρ > 2 when x = 0) (4.22)
Here the left hand side is obtained by using (2.12), however, for ν = 1 in the above relation we can obtain
(4.9). Now by making use of (2.14) and the Parseval’s identity for (3.3) and (3.4), we get
∫ +∞
−∞
Γ(σ + iτ)Γ(ρ− iτ)Bσ+iτ−1(−x)φ(e−x, ρ− iτ)dτ
= 2piΓ(σ + ρ)[Bσ+ρ−2(−x)−Bσ+ρ−1(−x))]
(σ + ρ > 1 when x > 0;σ + ρ > 2 when x = 0) (4.23)
By making use of (2.13) in place of (2.14), the left hand side of above equation can also be written in terms
of polylogarirhm function. By making use of (2.15) and the Parseval’s identity for (3.5) and (3.6), we get
∫ +∞
−∞
Γ(σ + iτ)Γ(ρ − iτ)ζ(σ + iτ, ν)ζ(ρ− iτ)dτ
= 2piΓ(σ + ρ)[ζ(σ + ρ− 1, ν)− νζ(σ + ρ, ν)]
(ℜ(ν) > 0;σ + ρ > 2) (4.24)
For ν = 1 the above identity reduces to (4.13). Now by applying Parseval’s identity for (3.7) and (3.8), we
get
∫ +∞
−∞
Γ(σ + iτ)Γ(ρ− iτ)Θν(σ + iτ ;x)Fρ−iτ−1(−x)dτ
= 2piΓ(σ + ρ)[(ν + 1)Θν(σ + ρ;x)−Θν(σ + ρ− 1;x)]
(ℜ(ν) > −1;x ≥ 0;σ + ρ > 1). (4.25)
However for ν = 0, this reduces to (4.18). Similarly more results can be obtained by making use of the
Parseval’s identity for Fourier transform representations of different functions obtained in section 3.
5 Some applications of Fourier transform representation by using
duality property
The duality property of Fourier transform ([10], p. 29) states that
F [F [ϕ(y); τ ];ω] = ϕ(−ω), ω ∈ R. (5.1)
This equation gives Fourier transform of the eBE function when we take Fourier transform on the both sides
of (3.1)
F [Γ(σ + iτ)Ψν(σ + iτ ;x);ω] =
√
2pie−(ν+1)xe−σω exp(−νe−ω)
exp(e−ω)− e−x
(ℜ(ν) > −1;σ > 0 when x > 0;σ > 1 when x = 0). (5.2)
Similarly for the eFD function we have
F [Γ(σ + iτ)Θν(σ + iτ ;x);ω] =
√
2pie−(ν+1)xe−σω exp(−νe−ω)
exp(e−ω) + e−x
(ℜ(ν) > −1;x ≥ 0;σ > 0). (5.3)
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For the Hurwitz-Lerch zeta function
F [Γ(σ + iτ)Φ(z, σ + iτ, ν);ω] =
√
2pie−σω exp(−(ν − 1)e−ω)
exp(e−ω)− z
(ℜ(ν) > 0; and either |z| ≤ 1; z 6= 1;σ > 0 or z = 1;σ > 1). (5.4)
Similarly for the Polylogarithm function
F [Γ(σ + iτ)φ(σ + iτ, z);ω] =
√
2pize−σω
exp(e−ω)− z
(|z| ≤ 1− δ, δ ∈ (0, 1) and σ > 0; z = 1 and σ > 1). (5.5)
For the BE function
F [Γ(σ + iτ)Bσ+iτ−1(x);ω] =
√
2piexe−σω
exp(e−ω)− ex (x ≥ 0;σ > 1). (5.6)
Similarly for the FD function
F [Γ(σ + iτ)Fσ+iτ−1(x);ω] =
√
2piexe−σω
exp(e−ω) + ex
(x ≥ 0;σ > 0). (5.7)
We get following expression involving the Hurwitz zeta function
F [Γ(σ + iτ)ζ(σ + iτ, ν);ω] =
√
2pie−σω exp(−(ν − 1)e−ω)
exp(e−ω)− 1 (ℜ(ν) > 0;σ > 1). (5.8)
Similarly we get following formulae for the Riemann zeta function
F [Γ(σ + iτ)ζ(σ + iτ);ω] =
√
2pie−σω
exp(e−ω)− 1 (σ > 1). (5.9)
F [C(σ + iτ)ζ(σ + iτ);ω] =
√
2pie−σω
exp(e−ω) + 1
(σ > 0). (5.10)
Remark1. We have already obtained the Fourier transform of the Riemann zeta function for σ > 0. It
would be more interesting to have the Fourier transform of the Riemann zeta function in the critical strip.
The Riemann zeta function has the Mellin transform representation ([8], p. 294, Equation (7.48))
ζ(s) =
1
Γ(s)
∫ ∞
0
ts−1
( 1
et − 1 −
1
t
)dt (0 < σ < 1). (5.11)
Again the substitution t = ey in (5.11) yields the Fourier transform representation
Γ(σ + iτ)ζ(σ + iτ) =
√
2piF [eσy [ 1
exp(ey)− 1 −
1
ey
]; τ ]
(0 < σ < 1). (5.12)
This gives
F [Γ(σ + iτ)ζ(σ + iτ);ω] =
√
2pie−σω
exp(e−ω)− 1 −
√
2pie(1−σ)ω (0 < σ < 1). (5.13)
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Remark2. We note that special cases of these Fourier transforms give following interesting integral formulas.
For ω = 0, we have
∫ +∞
−∞
Γ(σ + iτ)Ψν(σ + iτ ;x)dτ =
2pie−ν(x+1)
ex+1 − 1
(ℜ(ν) > −1;σ > 0 when x > 0;σ > 1 when x = 0). (5.14)
∫ +∞
−∞
Γ(σ + iτ)Θν(σ + iτ ;x)dτ =
2pie−ν(x+1)
ex+1 + 1
(ℜ(ν) > −1;σ > 0 when x > 0;σ > 1 when x = 0). (5.15)
∫ +∞
−∞
Γ(σ + iτ)Φ(σ + iτ ; z, ν)dτ =
2pie1−ν
e − z
(ℜ(ν) > 0; and either |z| ≤ 1; z 6= 1;σ > 0 or z = 1;σ > 1). (5.16)
∫ +∞
−∞
Γ(σ + iτ)φ(z, σ + iτ) =
2piz
e − z
(|z| ≤ 1− δ, δ ∈ (0, 1) and σ > 0; z = 1 and σ > 1). (5.17)
∫ +∞
−∞
Γ(σ + iτ)Bσ+iτ−1(x)dτ =
2pi
e1−x − 1 (x ≥ 0;σ > 1). (5.18)
∫ +∞
−∞
Γ(σ + iτ)Fσ+iτ−1(x)dτ =
2pi
e1−x + 1
(x ≥ 0;σ > 0). (5.19)
∫ +∞
−∞
Γ(σ + iτ)ζ(σ + iτ, ν)dτ =
2pie1−ν
e− 1 (ℜ(ν) > 0;σ > 1). (5.20)
∫ +∞
−∞
C(σ + iτ)ζ(σ + iτ)dτ =
2pi
e+ 1
(σ > 0). (5.21)
∫ +∞
−∞
Γ(σ + iτ)ζ(σ + iτ)dτ =
2pi
e− 1 (σ > 1). (5.22)
∫ +∞
−∞
Γ(σ + iτ)ζ(σ + iτ)dτ =
2pi
e− 1 − 2pie (0 < σ < 1). (5.23)
6 Concluding remarks
In this paper we have obtained the Fourier transform representation of the eFD and eBE functions defined
in [16]. These functions have elegant connections with the zeta family and other related functions. These
connections have been used to get new integral formulae for these functions.
In section 2 two identities involving the eFD and eBE functions were proved. This led to new results
involving the FD, BE, polylogarithm and Hurwitz-Lerch zeta functions. Results for Riemann and Hurwitz
zeta functions have been deduced as special cases. Parseval’s identity of the Fourier transform proved crucial
in obtaining the functional relations of the integrals of the product of all these functions with the gamma
function, by using these new identities. However, these identities can be used further to get inequalities
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involving the eFD and eBE functions, which will prove useful to get inequalities for the Hurwitz-Lerch zeta,
FD and BE functions. This will be discussed in a future paper [21].
The classical theory of Fourier transforms provides a number of mathematical tools that could be useful
in solving many problems of interest. Here we have used the duality property of the Fourier transform to
find the Fourier transforms of the product of the gamma function with the higher transcendental functions
related to the zeta family. It leads to some interesting special cases, which give integral formulae involving
zeta related functions. This approach will hopefully enhance the applicability of these functions in various
physical and engineering problems.
Most of the interest in the study of the Riemann zeta function comes from the critical strip because of
the famous unproved Riemann hypothesis. We have provided the Fourier transform representation of the
Riemann zeta function in the critical strip. This proved useful to evaluate the Fourier transform of the
Riemann zeta function in the critical strip. It gives new insights that other special functions having Mellin
and hence Fourier transform representations can be used to get more integral formulae. For example by
using Parseval’s identity for the Fourier transform representations of the Riemann zeta function (3.6) and
the Euler gamma function ([22], p. 3), we get
∫ +∞
−∞
Γ(ρ− iτ)Γ(σ + iτ)ζ(σ + iτ)dτ = ζ(σ + ρ, 2) (ρ, σ > 1). (6.1)
Special functions satisfy certain recurrence relations, which can also be used to evaluate more integral
formulae. For example the eFD function satisfies ([16],p. 15, Equation 5.19)
Θν(s;x) + Θν−1(s;x) = ν
−se−νx (x ≥ 0, ν ≥ 1), (6.2)
which along with (5.15) gives
∫ +∞
−∞
ν−σ−iτΓ(σ + iτ)dτ = 2pie−ν (ν ≥ 1, σ > 0). (6.3)
It is hoped that other properties of Fourier transform will be useful to get more results involving these
extended and other related functions.
Acknowledgements
AT acknowledges her indebtedness to the Higher Education Commission of the Government of Pakistan for
the Indigenous Ph.D. Fellowship.
References
[1] T.M. Apostol, Introduction to Analytic Number Theory Springer-Verlag, Berlin, New York and
Heidelberg, 1976.
[2] T.M. Apostol, On the Lerch zeta function, Pacific J. Math., 1(1951), pp. 161-167.
[3] B.C. Berndt, Two new proofs of Lerch’s functional equation, Proc. Amer. Math. Soc., 32 (1972),
pp. 403–408.
[4] P.Cerone, M. A. Chaudhry, A. Qadir and G. Korvin, New inequalities involving the zeta function,
J. Inequal. Pure Appl. Math., 5 (2004), Art. 43.
[5] M. Aslam Chaudhry, A. Iqbal, A. Qadir, A Representation for the Anyon Integral Function,
[arXiv:math-ph/0504081].
[6] M. A. Chaudhry and A. Qadir, Fourier transform and distributional representation of gamma func-
tion leading to some new identities, Internat. J. Math. Math. Sci. 39 (2004), pp. 2091-2096.
12
[7] C. Truesdell, On a function which occurs in the theory of the structure of polymers, Annals Math.,
46 (1945), pp. 144-157.
[8] M. A Chaudhry and S. M Zubair, On a class of incomplete gamma functions with applications,
Chapman and Hall (CRC Press), Boca Raton, 2001.
[9] R.B. Dingle, Asymptotic Expansions: Their Derivation and Interpretation, Academic Press, London
and New York, 1973.
[10] L. Debnath, Integral Transforms and Their Applications, CRC-Press, Boca Raton, 1995.
[11] H. M Edwards, Riemann’s zeta function, Academic Press, London and New York, 1974.
[12] A. Erde´lyi, W. Magnus, F. Oberhettinger and F.G. Tricomi, Tables of integral transforms, Vol. I
and II, McGraw-Hill, New York, Toronto and London, 1954.
[13] A. Erde´lyi, W. Magnus, F. Oberhettinger and F.G. Tricomi, Higher Transcendental Funcitons, Vol.
I, McGraw-Hill Book Company, New York, Toronto and London, 1953.
[14] I. Gradshteyn and I. Ryzhik, Tables of Integrals, Series and Products, English Translation edited by
Alan Jeffery, Academic Press, New York, 1994.
[15] S. Kanemitsu and H. Tsukada, Vistas of special functions, World Scientific Publications, 2007.
[16] H. M Srivastava, M. A Chaudhry, A. Qadir and A. Tassaddiq, Some extentions of the Fermi-Dirac
and Bose-Einstein functions with applications to zeta and related functions, Russian J. Math. Phys.,
Accepted, 2010.
[17] J. Spanier and K.B. Old-ham, An Atlas of Functions, Hemisphere Publishing Corporation, New
York, 1987.
[18] N.M. Temme, Special Functions: An Introduction to Classical Functions of Mathematical Physics,
John Wiley and Sons, New York, Chichester, Brisbane and Toronto, 1996.
[19] E.C. Titchmarsh, The Theory of Riemann zeta-function, Clarendon (Oxford University) Press, Ox-
ford, London and New York, 1951.
[20] N.M. Temme and A.B. Olde Daallhuis, Uniform asymsptotic approximation of Fermi-Dirac integrals,
J. Comp. Appl. Math., 31 (1900), pp. 383-387.
[21] A. Tassaddiq and A. Qadir, New inequalities involving the extended Fermi-Dirac and Bose-Einstein
functions with applications to zeta and related functions, In progress, 2011.
[22] A. Tassaddiq and A. Qadir, Fourier transform and distributional representation of the generalized
gamma function with some applications, Presented in an International Congress in the honour of
Prof. H. M. Srivastava on his 70th Birthday at Uludag University, Bursa-Turkey, 2010.
[23] R.Wong, Asymptotic approximation of integrals, Academic Press, Boston, 1989.
[24] A.I. Zayed, Handbook of Functions and Generalized Function Tranforms, CRC Press, Boca Raton,
New York, London and Tokyo, 1996.
13
